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Abstract 

We develop an analogue of probability theory for probabilities tak¬ 
ing values in topological groups. We generalize Kolmogorov’s method 
of axiomatization of probability theory: main distinguishing features 
of frequency probabilities are taken as axioms in the measure-theoretic 
approach. We also present a review of non-Kolmogorovian probabilis¬ 
tic models including models with negative, complex, and p-adic valued 
probabilities. The latter model is discussed in details. The introduc¬ 
tion of p-adic (as well as more general non-Archimedean) probabilities 
is one of the main motivations for consideration of generalized proba¬ 
bilities taking values in topological groups which are distinct from the 
field of real numbers. We discuss applications of non-Kolmogorovian 
models in physics and cognitive sciences. An important part of this 
paper is devoted to statistical interpretation of probabilities taking 
values in topological groups (and in particular in non-Archimedean 
fields). 


1 Introduction 

Since the creation of the modern probabilistic axiomatics by A. N. 
Kolmogorov [1] in 1933, probability theory was reduced to the theory 
of normalized c-additive measures taking values in the segment [0,1] 
of the field of real numbers R. In particular, the main competitor of 
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Kolmogorov’s measure-theoretic approach, von Mises’ frequency ap¬ 
proach to probability [2], [3], practically totally disappeared from the 
probabilistic arena. On one hand, this was a consequence of difficulties 
with von Mises’ definition of randomness (via place selections), see e.g., 

[4]-[10] 1 . On the other hand, von Mises’ approach (as many others) 
could not compete with precisely and simply formulated Kolmogorov’s 
theory. 

We mentioned von Mises’ approach not only, because its attraction 
for applications, but also because von Mises’ model with frequency 
probabilities played the important role in the process of formulation 
of the conventional axiomatics of probability theory. If one opens Kol¬ 
mogorov’s book [1], he will see numerous remarks about von Mises’ 
theory. Andrei Nikolaevich Kolmogorov used properties of the fre¬ 
quency probability to justify his choice of the axioms for probability. 

In particular, Kolmogorov’s probability belongs to the segment [0,1] of 
the real line R, because the same takes place for von Mises’ frequency 
probability (frequencies zyv = n/N as well as their limits always belong 
to the segment [0,1] of the real line R). In the same way Kolmogorov’s 
probability is additive, because the frequency probability is additive: 
the limit of the sum of two frequencies equals to the sum of limits. 

And so on... Thus by using THEOREMS of von Mises’ frequency the¬ 
ory Kolmogorov justified the AXIOMATIZATION of probability as 
a normalized finite-additive measure taking values in [0,1]. Finally, 
he added the condition of u-additivity. However, the latter condi¬ 
tion is a purely mathematical technical condition that provides the 
fruitful theory of integration (to define mean values of random vari¬ 
ables), see Kolmogorov remark on this condition [1]. The main lesson 
of Kolmogorov’s axiomatization of modern probability theory is that 
THEOREMS of the frequency probability theory were transformed 
into AXIOMS in the measure-theoretic probability theory. The Kol¬ 
mogorov’s axiomatics is based on: 

(a) the measure-theoretic formalization of properties of relative fre¬ 
quencies; 

(b) Lebesque integration theory. 

Regarding to (a), we would like to mention that Kolmogorov’s (as 
well as von Mises’) assumptions were also based on a fundamental, but 
hidden, assumption: 

1 However, see also [11]-[13], where von Mises’ approach was simplified, generalized, and 
then fruitfully applied to theoretical physics. 
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Limiting behaviour of relative frequencies is considered with respect 
to one fixed topology on the field of rational numbers Q, namely the 
real topology. 

In particular, the consideration of this asymptotic behaviour im¬ 
plies that probabilities belong to the field real numbers R. In fact, 
additivity of the probability is a consequence of the fact that R is an 
additive topological group. We also remark that Bayes’ formula 

P(B\A) = P{ ^\ P(A)^0. 

is also a theorem in von Mises’ theory, see, e.g., [11]. It is derived as 
a consequence of the fact that R \ {0} is a multiplicative topological 
group. We can ask ourself: Are we satisfied by Kolmogorov’s theory? 
As pure mathematician, I would definitely answer: "yes!". However, 
as physicist, I would not be so optimistic. It seems that Kolmogorov’s 
model, despite its generality, does not provide a reasonable mathemat¬ 
ical description of all probabilistic structures that appear in physics (as 
well as other natural and social sciences). In particular, we can recall 
the old problem of negative probabilities. There are many objects that 
by their physical origin must be probabilities, but can take negative 
values (as well as values larger than 1), see e.g., Dirac [14] (quantiza¬ 
tion of electromagnetic field), Wigner [15] (phase space distribution), 
Feynman [16] (computer simulation of quantum reality), see also [17], 
[11], [18], 

As mathematicians, we deny these “negative probabilities” (because 
such objects do not belong to the domain of Kolmogorov’s theory). 
As a consequence, physicists should work with such objects on teh 
physical level of rigorousness. But negative probabilities appear again 
and again in different domains of physics. The same situation takes 
place for complex probabilities, see e.g., Dirac [19] or Prugoveskv [20]. 

We also pay attention to another probability-like structure that 
recently appeared in theoretical physics. This is so called p-adic pi'ob- 
ability. 

We recall that the first p-adic physical model, namely p-adic string, 
was proposed by I. Volovich [21], His paper induced the storm of publi¬ 
cations on p-adic string theory, e.g., [22]-[24], general p-adic quantum 
physics, e.g., [24-27], applications of p-adic numbers to foundations 
of conventional quantum physics (Bell’s inequality, Einstein-Podolsky- 
Rosen paradox) [28], [29], dynamical systems [26], [30]-[32], biological 
and cognitive models [26], [33]. 
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In fact, there are two types of p-adic physical models: 

(A) variables are p-adic, but functions are C-valued; 

(B) both variables and functions take p-adic values. 

The A-models of p-adic physics and their relation to conventional 
probability theory on locally compact groups (especially, totally dis¬ 
connected) will be briefly discussed in appendix 1. The B-models are 
the most interesting for our present considerations. 

Here we have quantities that have to be probabilities (by their 
physical origin), but belong to fields of p-adic numbers Q p . We again 
could not use Kolmogorov’s axiomatics, see [25]. We also can mention 
comparative probability theory, see e.g., Fine [34], as an example of 
non-Kolmogorovian probabilistic model. Thus the present situation in 
probability theory has some similarities with the situation in geom¬ 
etry in the 19th century. We have to recognize that Kolmogorov’s 
theory is just one of numerous probabilistic models. Besides Kol¬ 
mogorov’s model, there are numerous non-Kolmogorovian models that 
describe various probabilistic phenomena, see Accardi [35]. Such non- 
Kolmogorovian models can be developed in many ways. 

We mention one slight (but very important in quantum physics) 
modification of Kolmogorov’s theory. L. Accardi [35] proposed to ex¬ 
clude from the axiomatics of probability theory Bayes’ formula, Kol¬ 
mogorov’s definition of conditional probability. Thus everything is 
as in Kolmogorov’s model besides conditional probability. L. Accardi 
demonstrated that such a model could be used in the connection with 
Bell’s inequality and Einstein-Podolsky-Rosen paradox. 

We can construct another large class of non-Kolmogorovian mod¬ 
els by considering “probabilistic measures” that are not defined on 
u-fields see e.g., the theory of probabilistic manifolds of Gudder [36] 
that was successfully applied in quantum physics. In fact, A. Kol¬ 
mogorov considered in his first variant of axiomatics of probability 
theory “probabilities” that are not defined on a cr-field (and even a 
field) [37]. In particular, so called density of natural numbers was 
considered as probability in [37]. 

In this paper we shall concentrate our study to probabilistic models 
that could be obtained through changing the range of values of prob¬ 
abilities. Thus our “generalized probabilities” do not more take values 
in the segment [0,1] of R. 

There are many ways to develop such probabilistic models. One 
class of such models is related to comparative probability theory, [34]. 
We choose another approach for modifying the Kolmogorov’s axiomat- 
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ics. We obtain natural generalizations of properties of probabilities 
which are induced by the transition from R to an arbitrary topological 
group. We consider R as a topological group (with respect to addition) 
and extract the main properties of Kolmogorov’s measure-theoretic or 
von Mises’ frequency probability corresponding to the group structure 
on R. Then we use generalizations of such properties to define gen¬ 
eralized probabilities taking values in an arbitrary topological group 
G. 

On one hand, such an extension of probability can have a lot of 
applications (in particular, justification of negative or p-adic probabil¬ 
ities). On the other hand, it could revolutionize the classical theory 
of Probability on Topological Structures by generating a huge class of 
new purely mathematical problems. 

Before developing the general axiomatics, we will present an ex¬ 
tended review on the p-adic valued probabilities [25], [26], [38], [39]. In 
fact, p-adic probability theory was the first example of the mathemati¬ 
cally rigorous formalism for probabilities taking values in a topological 
group G which is different from R. Since in applications of probability 
( e.g., to physics) its interpretation plays the fundamental role, we pay 
the main attention to a statistical interpretation of such generalized 
probabilities, see section 6. 

Finally, we pay attention that recently an extremely interesting 
analysis of foundations of probability theory was done by Viktor Pavlovich 
Maslov in the process of development of ultra-second quantization [39] 
as well as applications of classical and quantum probabilistic models 
and their generalizations in finances (private communication of V. P. 
Maslov). 


2 £>-adic lessons 

2.1 p-adic numbers 

The field of real numbers R is constructed as the completion of the 
field of rational numbers Q with respect to the metric p(x, y) = \x — y\, 
where | • | is the usual valuation given by the absolute value. The fields 
of p-adic numbers Q p are constructed in a corresponding way, but by 
using other valuations. For a prime number p the p-adic valuation | • | p 
is defined in the following way. First we define it for natural numbers. 
Every natural number n can be represented as the product of prime 
numbers, n = 2 r2 3 r3 ...p Tp ..., and we define |n| p = p _rp , writing 
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|0| p = 0 and | — n\ p = \n\ p . We then extend the definition of the p-adic 
valuation | • | p to all rational numbers by setting |n/m| p = |n| p /|m| p 
for m ^ 0. The completion of Q with respect to the metric p p (x,y) = 
\x — y |p is the locally compact field of p-adic numbers Q p . 

The number fields R and Q p are unique in a sense, since by Os¬ 
trovsky’s theorem, see e.g., [40], | • | and | • \ p are the only possible 
valuations on Q, but have quite distinctive properties. The field of 
real numbers R with its usual valuation satisfies \n\ = n —> oo for 
valuations of natural numbers n and is said to be Archimedian. By a 
well known theorem of number theory [40] the only complete Archime¬ 
dian fields are those of the real and the complex numbers. In contrast, 
the fields of p-adic numbers, which satisfy \n\ p < 1 for all n G IV, are 
examples of non-Archimedian fields. 

Unlike the absolute value distance | • |, the p-adic valuation satisfies 
the strong tringle inequality: 

\x + y\ p < max[\x\ p ,\y\p\,x,y G Qp. 

Consequently the p-adic metric satisfies the strong triangle inequality 
P p (x,y) < rna x.[p p (x, z), p p (z,y)],x,y, z G Q p , which means that the 
metric p p is an ultrametric , [40]. Write U r (a) = {x G Q p : \x—a\ p < r}, 
where r = p n and n = 0, ±1,±2,... These are the "closed" balls in 
Q p while the sets S r (a) = {x G Q p : \x — a\ p = r} are the spheres in 
Qp of such radii r. These sets (balls and spheres) have a somewhat 
strange topological structure from the viewpoint of our usual Euclidian 
intuition: they are both open and closed at the same time, and as such 
are called clopen sets. Finally, any p-adic ball U r ( 0) is an additive 
subgroup of Qp, while the ball t/j (0) is also a ring, which is called the 
ring of p-adic integers and is denoted by Z p . 

The p-adic exponential function e x = yr- The series con¬ 

verges in Qp if \x\ p < r p , where r p = l/p,p / 2 and r 2 = 1/4. p-adic: 
trigonometric functions sin x and cosx are defined by the standard 
power series. These series have the same radius of convergence r p as 
the exponential series. 

2.2 p-adic frequency model. 

As in the ordinary probability theory [2], [3], the first p-adic probability 
model was the frequency one, [41]. This model was based on the simple 
remark that relative frequencies un = jj always belong to the field of 
rational numbers Q. And Q can be considered as a (dense) subfield 
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of R as well as Q p (for each prime number p). Therefore behaviour 
of sequences {iyv} of (rational) relative frequencies can be studied not 
only with respect to the real topology on Q, but also with respect to 
any p-adic toplology on Q. Roughly speaking a p-adic probability (as 
real von Mises’ probability) is defined as: 

P(a) = limz'jv(a). (1) 

Here a is some label denoting a result of a statistical experiment. 
Denote the set of all such labels by the symbol fi. In the simplest case 
D = {0,1}. Here viv(ot) is the relative frequency of realization of the 
label a in the first N trials. The P(a) is the frequency probability of 
the label a. 

The main p-adic lesson is that it is impossible to consider, as we did 
in the real case, limits of the relative frequencies v jy when the N —> oo. 
Here the point "oo" belongs, in fact, to the real compactification of 
the set of natural numbers. So \N\ —> oo, where | • | is the real absolute 
value. The set of natural numbers N is bounded in Q p and it is 
densely embedded into the ring of p-adic integers Z p (the unit ball 
of Q p ). Therefore sequences of natural numbers can have 

various limits m = lim^oo N k £ Z p . 

In the p-adic frequency probability theory we proceed in the fol¬ 
lowing way to provide the rigorous mathematical meaning for the pro¬ 
cedure m , see [41], [42]. We fix a p-adic integer rn £ Z p and consider 
the class, L m , of sequences of natural numbers s = {N k } such that 
lirrifc^oc N k = m in Q p . 

Let us consider the fixed sequence of natural numbers s £ L m . We 
define a p-adic s-probability as 

P(a) = lim i/ N (a), s = {N k }. 

k —>oo 

This is the limit of relative frequencies with respect to the fixed se¬ 
quence s = {N k } of natural numbers. 

For any subset A of the set of labels fi, we define its s-probability 
as 

P(H) = lim v Nk (A),s = {Nfc}, 

k—>oo 

where Vfq k (H) is the relative frequency of realization of labels a be¬ 
longing to the set A in the first N trials. 

As Q p is an additive topological semigroup (as well as R), we 
obtain that the p-adic probability is additive: 
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Theorem 2.1. 


P (A 1 U A 2 ) = P(Ai) + P(A 2 ), AinA 2 = 0. (2) 


As Q p is even an additive topological group (as well as R), we get 
that 

Theorem 2.2. 

P(d 1 \A 2 )=P(A 1 )-P(d 1 ni 2 ). (3) 


Trivially, for any sequence s = {N *.}, P(P) = lim*.^,^ (12) = 1, 

as zpv(O) = j; = 1 for any N. 

As Q p is a multiplicative topological group (as well as R) , we 
obtain (see von Mises [2], [3] for the real case and [11] for the p-adic 
case) Bayes’ formula for conditional probabilities: 

Theorem 2.3. 


P(A\B)= lim 

k—*OQ 


%(Anfi) 

VN k (- 4 ) 


P(AnB) 

P(4) 


,P(A)/0. 


(4) 


As we know, frequency probability played the crucial role in con¬ 
ventional probability theory for determination of the range of values 
(namely, the segment [0,1]) of a probabilistic measure, see remarks on 
von Mises’ theory in Kolmogorov’s book [1], Frequencies always lie 
between zero and one. Thus their limit belongs to the same range. 

In the p-adic case we can proceed in the same way. Let r = r m = 
(where r = oo for m = 0). We can easily obtain, see [42], that 
for the p-adic frequency s-probability, s G L m , the values of P always 
belong to the p-adic ball U r ( 0) = {x G Q p : |x| p < r}. In the p-adic 
probabilistic model such a ball U r ( 0) plays the role of the segment [0,1] 
in the real probabilistic model. 


2.3 Measure-theoretic approach 

As in the real case, the structure of an additive topological group of 
Q p induces the main properties of probability that can be used for the 
axiomatization in the spirit of Kolmogorov, [1]. 

Let us fix r = p ±l , l = 0,1,.. . , or r = oo. 

Axiomatics 1. Let Ll be an arbirary set (a sample space) and let 
F be a field of subsets of Q (events). Finally, let P : F —> U r ( 0) be 
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an additive function (measure) such that P(fl) = 1. Then the triple 
(fi, .F, P) is said to be a p-adic r-probabilistic space and P p-adic 
r-probability . 

Following to Kolmogorov we should find some technical mathemat¬ 
ical restriction on P that would induce fruitful integration theory and 
give the possibility to define averages. Kolmogorov (by following Borel, 
Lebesque, Lusin, and Egorov) proposed to consider the a-additivity of 
measures and the c-structure of the field of events. Unfortunately, in 
the p-adic case the situation is not so simple as in the real one. One 
could not just copy Kolmogorov’s approach and consider the condition 
of (7-additivity. There is, in fact, a No-Go theorem, see, e.g., [43]: 

Theorem 2.4. All a-additive p-adic valued measures defined on 
cr-fields are discrete. 

Here the difficulty is not induced by the cr-additivity, but by an 
attempt to extend a measure from the field F of its definition to a a- 
field. Roughly speaking there exist cr-additive “continuous” Q p -valued 
measures, but they could not be extended from the field F to the 
a-field generated by F. Therefore it is impossible to choose the a- 
additivity as the basic integration condition in the p-adic probability 
theory. 

The first important condition (that was already invented in the first 
theory of non-Archimedian integration of Monna and Springer [44]) is 
boundedness: 


||A|| P = sup{|P(A)| p :4eF}<oo. 

Of course, if P is a p-adic r-probability with r < oo, then this 
condition is fulfilled automatically. It is nontrivial only if the range of 
values of a p-adic probability is unbounded in Q p . 2 . We pay attention 
to one important particular case in that the condition of boundedness 
alone provides the fruitful integration theory. Let Q be a compact 
zero-dimensional topological space. 3 Then the integral 

EZ= f CMP (du) 

Jn 

is well defined for any continuous £ : fi —» Q p . This theory works well 
for the following choice: is the ring of g-adic integers Z q , and P is 

2 In the frequency formalism this corresponds to considering of p-adic (frequency) s- 
probabilities for s G L 0 ; e.g., s = {Nk = p k }. 

3 There exists a basis of neighborhoods that are open and closed at the same time. 
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a bounded p-adic r-probability, r < oo. The integral is defined as the 
limit of Riemannian sums [44]. 

But in general boundedness alone does not imply a fruitful integra¬ 
tion theory. We should consider another condition, namely continuity 
of P, see appendix 3. The most general continuity condition was pro¬ 
posed by A. van Rooij [43], see appendix 3. 4 

Definition 2.1. A p-adic valued measure that is bounded, contin¬ 
uous, and normalized is called p-adic probability measure. 

Everywhere below we consider p-adic probability spaces endowed 
with p-adic probability measures. 

Let (12, F, P) be a p-adic probabilistic space. Random variables 
£ : 12 —> Q p are defined as P-integrable functions, see appendix 3. 

As the frequency p-adic probability theory induces, see [41], (as 
a Theorem) Bayes’ formula for conditional probability, we can use 
m as the definition of conditional probability in the p-adic axiomatic 
approach (as it was done by Kolmogorov in the real case). 

Example 2.1. (p-adic valued uniform distribution on the space 
of g-adic sequences). Let p and q be two prime numbers. We set 
X q = {0,1,... ,g-l},Og = {x = (aq,..., x n ) : Xj £ X q },U* = |J n ^q 
(the space of finite sequences), and 

12q — — (^1) ■ ■ ■ • • •) • OJj £ X q } 

(the space of infinite sequences). For x £ 12^, we set l(x) = n. For 
x £ 12 g,l(x) = n, we define a cylinder U x with the basis x by U x = 
{u £ Clq : uq = x \,..., u> n = x n }. We denote by the symbol F cy i the 
field of subsets of 12 g generated by all cylinders. In fact, the F cy i is the 
collection of all finite unions of cylinders. 

First we define the uniform distribution on cylinders by setting 
p(U x ) = 1/qW ,x £ 12*. Then we extend p by additivity to the field 
F cy i. Thus //, : F cy i —> Q. The set of rational numbers can be considered 
as a subset of any Q p as well as a subset of R. Thus p can be considered 
as a p-adic valued measure (for any prime number p) as well as the real 
valued measure. We use symbols P p and Poo to denote these measures. 
The probability space for the uniform p-adic measure is defined as the 
triple 


V = (12, F, P), where 12 = 12 9 , F = F cy \ and P = P p . 

4 We remark that in many cases continuity coincides with er-additivity, see appendix 3. 
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The P p is called a uniform p-adic probability distribution. 

The uniform p-adic probability distribution is a probabilistic mea¬ 
sure iff p ^ q. The range of its values is a subset of the unit p-adic 
ball. 

Remark 2.1. Values of Pp on cylinders coincide with values of 
the standard (real-valued) uniform probability distribution (Bernoulli 
measure) P^. Let us consider, the map joothO = (Cp=o wh- The joo 
maps the space Q q onto the segment [0, 1] of the real line R (however, 
joo is not one to one correspondence). The joo-image of the Bernoulli 
measure is the standard Lebesque measure on the segment [0,1] (the 
uniform probability distribution on the segment [0,1]). 

Remark 2.2. The map j q : Q q — ► Z q ,j q (uj) = YlpLo > gives 
(one to one!) correspondence between the space of all q-adic sequences 
fl q and the ring of q-adic integers Z q . The field F cy i of cylindrical 
subsets of Cl q coincides with the field B( Z q ) of all clopen (closed and 
open at the same time) subsets of Z q . If Cl q is realized as Z q and F cy i as 
B(Z q ), then p p is the p-adic valued Haar measure on Z q . The use of the 
topological structure of Z q is very fruitful in the integration theory (for 
p / q). In fact, the space of integrable functions / : Z q —> Q p coincides 
with the space of continuous functions (random variables) C(Z q , Q p ), 
see [44], [40], [43], [11]. 

3 p-adic limit theorems 

3.1 p-adic Asymptotics of combinatorial prob¬ 
abilities 

Everywhere in this section p is a prime number distinct from 2. We 
start with considering the classical Bernoulli scheme (in the conven¬ 
tional probabilistic framework) for random variables fj(co) = 0,1 with 
probabilities 1/2, j = 1,2,.... First we consider a finite number n of 
random variables: £i(w),... ,£ n (cj). A sample space correspondding to 
these random variables can be chosen as the space Oif = l} n - The 
probability of an event A is defined as 

p(n) _ IA _ Al 

|J)g| 2 n ’ 

where the symbol |R| denotes the number of elements in a set B. The 
typical problem of ordinary probability theory is to find an asymptotic 
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behavior of the probabilities P^ n \A),n —> oo. It was the starting point 
of the theory of limit theorems in conventional probability theory. 

But the probabilities P( n )(A) belong to the field of rational num¬ 
bers Q. We may study behavior of p( n )(yl), not only with respect to 
the usual real metric p oc (x,y ) on Q, but also with respect to an arbi¬ 
trary metric p(x, y) on Q. We have studied the case of the p-adic metric 
on Q, see [28], [39]. We remark that p( n )(yf) = 'Y^ xe j^p{U x )i where p 
is the uniform distribution on 0,2- By realizing p as the (real valued) 
probability distribution Poo we use the formalism of the conventional 
probability theory. By realizing p as the p-adic valued probability 
distribution P p we use the formalism of p-adic probability theory. 

What kinds of events A are naturally coupled to the p-adic metric? 

Of course, such events must depend on the prime number p. As usual, 
we consider the sums 

n 

S n {u) = 

fc=l 

We are interested in the following question. Does p divide the sum 
S n {ui) or not? Set A(p,n) = {w G fi% : p divides the sum5 n (a;)}. 

Then p( n )(A(p, n)) = L(p,n)/2 n , where L(p, n) is the number of vec¬ 
tors u) G Dg such that p divides |w| = Y^=i u j- A- 8 usua l> denote by 
A the complement of a set A. Thus A(p, n) is the set of all t o G Q ” 
such that p does not divide the sum S n (uj). We shall see that the 
sets A(p, n ) and A(p. n) are asymptotically symmetric from the p-adic 
point of view: 

P {n) (A(p,n)) -> 1 andP <- n \A(p,n)) - \ (5) 

in the p-adic metric when n —> 1 in the same metric. Already in this 
simplest case we shall see that the behavior of sums S n (u>) depends 
crucially on the choice of a sequence s = {Nk} < ^ =1 of natural numbers. 

A limit distribution of the sequence of random variables S n (u), when 
n —> oo in the ordinary sense, does not exist. We have to describe all 
limiting distributions for different sequences s converging in the p-adic 
topology. 

Let (D, F, P) be a p-adic probabilistic space and £„ : fl —» Q p (n = 

1,2,...) be a sequence of equally distributed independent random vari¬ 
ables, = 0,1 with probability 1/2. 5 We start with the following re- 

s Here 1/2 is considered as a p-adic number. In the conventional theory 1/2 is considered 
as a real number. 
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suit that can be obtained through purely combinatorial considerations 
(behavior of binomial coefficients C ^ in the p-adic topology). 

Theorem 3.1. Let m = 0,1,... ,p s — l(s = 1, 2,...), r = 0,..., m, 
and l > s. Then 

lim P( W : S n (u) 6 U l/pl (r)) = 

n—>m ' 1 Z 

Formally this theorem can be reformulated as the following result, 
for the convergence of probabilistic distributions: The limiting distri¬ 
bution on Q p of the sequence of the sums S n (uj), where n —► m in Q p , 
is the discrete measure «u/ 2 ,m = 2 _m YlT=o CmAn- 

We consider the event A(p, n, r) = {u : S n (io) = pi + r} for r = 
0,1,... ,p — 1. This event consists of all u> such that the residue of 
S n (ui ) mod p equals to r. Note that the set A(p,n,r) coincides with 
the set {uj : S n (uj) E Ui/ p (r)}. 

Corollary 3.1. Let n —> m in Q p , where m = 0, — 1. 

Then the probabilities (A(p, n, r)) approach C r m l2 m for all residues 
r = 0,..., m. 

In particular, as A(p,n) = A(p,n, 0), we get ®. What happens in 
the case m > p? We have only the following particular result: 

Theorem 3.2. Let n —> p in Q p and r = 0,1,2,... ,p. Then 
lim P(w : S n (u) E U 1/ i(r)) = 

n—>p ' * Zv 

where s > 2 for r = 0,p and s > 1 for r = 1,... ,p — 1. 

Remark 3.1. (Bernard-Letac asymtotics) In [45] J. Bernard and 
G. Letac have studied p-adic asymptotic of multi binomial coefficients. 
Although they did not consider the p-adic probabilistic terminology 
(at that moment there were no physical motivations to consider the 
p-adic generalization of probability), their results may be interpreted 
as a kind of a limit theorem for p-adic probability. 

3.2 Laws of Large Numbers 

We now study the general case of dichotomic equally distributed in¬ 
dependent random variables: £ n (u)) = 0,1 with probabilities q and 
q' = 1 — q, q E Z p . We shall study the weak convergence of the proba¬ 
bility distributions P s N for the sums S]\r k (u)- We consider the space 
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C( Z p , Q p ) of continuous functions / : Z p —> Q p . We will be interested 
in convergence of integrals 

[ f(x)dP SNk (x)-+ [ f(x)dP s (x),f€C(Z p ,Qp), 

Tip J Zp 

where P 5 is the limiting probability distribution (depending on the 
sequence s = {N^}). To find the limiting distribution P 5 , we use the 
method of characteristic functions. We have for characteristic func¬ 
tions 

4>N k (z,q,a ) = f exp{zS Nk (u)}dP(u) = (1 +q'(e z - l)) Nk . 

Jn 

Here z belong to a sufficiently small neighborhood of zero in the Q p ; 
see [25] for detail about the p-adic method of characteristic func¬ 
tions. Let a be an arbitrary number from Z p . Let s = {A r fc}fcTi 
be a sequence of natural numbers converging to a in the Q p . Set 
<j)(z, q, a) = (1 + q\e z — l)) a . This function is analytic for small z. It is 
easy to see that the sequence of characteristic functions {4>N k (z, q, a)} 
converges (uniformly on every ball of a sufficiently small radius) to the 
function 1 fi(z,q,a). Unfortunately, we could not prove (or disprove) 
a p-adic analogue of Levy’s theorem. Therefore in the general case 
the convergence of characteristic functions does not give us anything. 
However, we shall see that we have Levy’s situation in the particular 
case under consideration: There exists the bounded probability mea¬ 
sure distribution K q , a having the characteristic function cj>(z, q, a) and, 
moreover, P s Nk -> Ps = « 9 ,o, N k —> a. 

We start with the first part of the above statement. Here we shall 
use Mahlers integration theory on the ring of p-adic integers, see e.g., 
[40]. We introduce a system of binomial polynomials: C(x, k ) = C* = 
——(that are considered as functions from Z p to Q p ). Every 
function / G C( Z p , Q p ) is expanded into a series (a Mahler expansion, 
see [40]) f{x) = a kC(x,k). It converges uniformly on Z p . If p is 
a bounded measure on Z p , then 


f(x)n(dx) = E ak / C(x,n)n(dx). 

J Zrt 


Therefore to define a p-adic valued measure on Z p it suffices to define 
coefficients j z C{x,n)fi{dx). A measure is bounded iff these coeffi¬ 
cients are bounded. Using the expansion of (j>(z,q,a), we obtain 


A m(q,a) = / C(x,m)K q , a (dx) = (1 - q) m C(a,rn). 
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As \C{a,m)\ p < 1 for a £ Z p , we get that the distribution K q}0/ (cor¬ 
responding to 4>(z,q,a)) is bounded measure on Z p . Set A mn (q,a) = 
fa C{S n {u),m)dP(u). 

We compute 

Thus \ m N k (q, a ) —* A m (q,a),Nk — > a. This implies the following 
limit theorem. 

Theorem 3.3. (p-adic. Law of Large Numbers.) The sequence of 
probability distributions {P.sy, } converges weakly to Pg = n q when 
Nk —► a in Q p . 


3.3 The central limit theorem 


Here we restrict our considerations to the case of symmetric random 
variables £ n (u;) = 0,1 with probabilities 1/2. We study the p-adic 
asymptotic of the normalized sums 


_ 5 n (a;) - ES n (u) 
y/DS n (oj), 


( 6 ) 


Here ES n = n/2, Df n = Etf 2 — (Ef) 2 = 1/4 and DS n = n/ 4. Hence 


G n (u) 


S n (uj) - n/2 
Vn/2 




\fn. 


By applying the method of characteristic functions we can find the 
characteristic function of the limiting distribution. Let us compute 
the characteristic function of random variables G n (u) : 


^ n (z) = (cosh{z/y/n}) n . 


Set ip(z,a) = (cosh{z/y/a}) a , a £ Z p ,a / 0. This function belongs 
to the space of locally analytic functions. There exists the p-adic 
analytic generalized function, see [25] for detail, y a with the Borel- 
Laplace transform if(z,a). Unfortunately, we do not know so much 
about this distribution (an analogue of Gaussian distribution?). We 
only proved the following theorem: 

Theorem 3.4. The 71 is the bounded measure on Z p . 

Open Problems: 

1) . Boundedness of y a for a / 1. 

2) . Weak convergence of Pg„ to Pg = 7 a (at least for a = 1 ). 
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4 Axiomatics for probability valued in 
a topological group 

Let G be a commutative (additive) topological group. In general, it 
can be nonlocally compact. 6 

Let us choose a fixed subset A of the group G. 

Axiomatics 2. Let f i and F be as in Axiomatics 1. Let P : F —> A 
be an additive function (measure). The triple (il. F.P) is said to be a 
G-probabilistic space (with the A-range of probability). 

We also have to add an integration condition. Such a condition 
depends on the topological structure of G. It seems to be impossible 
to propose a general condition providing fruitful integration theory. 

The reader might say that our definition of a G-probabilistic mea¬ 
sure is too general. Moreover, our real probabilistic intuition would 
protest against disappearance of the unit probability from considera¬ 
tion. We shall discuss this problem in section 5. 

We now consider a modification of the above axiomatics that in¬ 
cludes a kind of ‘unit probability’. Let E = P(f2) be a nonzero element 
in G. Let G be metrizable (with the metric p). The additional (‘unit- 
probability’) axiom should be of the following form: 

sup p( 0, P(A)) = p(0, E). (7) 

A&F 

A G-probabilistic space in that 0 holds true is called a G-probabilistic 
space with unit probability axiom. Of course, the consideration of such 
probabilistic spaces seems to be more natural from the standard prob¬ 
abilistic viewpoint. Therefore it would be natural to start with consid¬ 
eration of such models. However, for many important G-probabilistic 
spaces the unit probability axiom does not hold true. At the moment 
we know a few examples of G-probabilities having applications: 

1) . G = R and A = [0,1](the conventional probability theory); 

2) . G = R and A = R (‘ negative probabilities’, see e.g., [14], [18], 
[11], they are realized as signed measures, charges). 

3) . G = C and A = C (‘complex probabilities’, see e.g., [19], [20], 
they are realized as C-valued measures). 

4) . G = Q p and A is a ball in Q p (‘p-adic probabilities’, [42], [11], 
they are realized as Q p -valued measures). 

The p-adic model can be essentially (and rather easily) general¬ 
ized. Let K be an arbitrary complete non-Archimedian field with the 

6 In principle, we could proceed in the same way in the non-commutative case. 
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valuation (absolute value) | • |. We can define /T-valued probabilistic 
measures by using the same integration conditions as in the p-adic 
case, namely boundedness and continuity, see appendix 3. 

We note that in all considered examples the additive group G has 
the additional algebraic structure, namely the field structure. The 
presence of such a field structure gives the possibility to develop es¬ 
sentially richer probabilistic calculus than in the general case. Here 
we can introduce conditional probability by using Bayes’ formula and 
define the notion of independence of events. 

The following slight generalization gives the possibility to consider 
a few new examples. Let G be a non-Archimedian normed ring. To 
simplify considerations, we again consider the commutative case. Here: 

(1) ||x|| > 0, ||x|| =0«i = 0; 

(2) ||x|| ||y|| < ||a:|| ||y|| and ||a: + y|| < max(||x||, ||y||). 

We set, for A € F, ||A||p = sup{||P(H)|| : B e F,B C A}. We 
define a G'-probabilistic measure as a normalized G-valued measure 
satisfying to the conditions of boundedness and continuity, compare 
with appendix 3. Corresponding integration theory is developed in 
the same way as in the case of a non-Archimedian field. One of the 
most important examples of non-Archimedian normed rings is a ring of 
m-adic numbers Q m , where m / p k ,p — prime. It is a locally compact 
ring. We can present numerous examples of non-Archimedian normed 
rings by considering various functional spaces of Q p (or Q m )-valued 
functions. 

For a ring G, we can define averages for G-valued random variables, 
£ : H —> G. In particular, we can represent the probability distribution 
of the sum r] = £i + £2 of two G-valued random variables as the convo¬ 
lution of corresponding probability distributions. Here we define the 
convolution of two G- valued measures on G as: 



f(x)M\ -k M 2 (dx) 



f(x 1 + x 2 )M 1 (dxi)M 2 (dx 2 ), 


where / : G —► G is a “sufficiently good” function. If G is a ring and 
A e F is such that P(A) is invertible, then we can define conditional 
probabilities by using Bayes’ formula. 

We obtain a large class of new mathematical problems related to 
G-probabilistic models. We emphasize that, despite a rather common 
opinion, the probability theory is not just a part of functional analysis 
(measure theory). Probability theory has also its own ideology. The 
probabilistic ideology induces its own problems. Such problems would 
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be impossible to formulate in the framework of functional analysis (of 
course, methods of functional analysis can be essentially used for the 
investigation of these problems). 

One of the most important problems is to find analogues of limit 
theorems, compare, e.g., with [46]. 

Open problem: 

Let s = {iVfc} be a sequence of natural numbers and let 


M\ i, M 12 , ; 

M‘2 1, M r 22 , ■ • • , M2n 2 ; 

M k i, M k2 , ■ • •, M kNk ; 

be G-probabilistic measures. As usual, we have to study behavior of 
convolutions: 

c^k = Affci * M k2 * ••• * M k N k 

to find analogues of limit theorems. For example, an analogue of 
the law of large numbers could be formulated in the following way. 
Let d be a nonzero element of a topological additive group G. Let 
s = be a sequence of natural numbers. Suppose that the 

corresponding sequence {Nkd}^^ of elements of G converges to some 
element a G G or to a = oo. The latter has the standard meaning: for 
each neighborhood U of zero in G there exists N such that N k d fL U 
for all N k > N. 

Let (Q,F,P) be a G-probabilistic space. Let £ n (o;) = 0 ,d, with 
G-probabilities q, q' = E — q where E = P(fi), be a sequence of inde¬ 
pendent random variables. Let S n (cu) be the sum of n first variables. 

Open Problem: 

Does the sequence of probability distributions P s N converge weakly 
to some probability distribution P 5 , when k —> 00? 

The simplest variant of this problem is to generalize Theorem 3.1: 
to find (if it exists) lim^oc P(SN k (u) G U r ( 0)). In the case of a metriz- 
able group G, U r ( 0) = {g £ G : p(g, 0) < r},r > 0, is a ball in G. In 
the case when G is a field we can consider normalized sums © and 
try to get an analogue of the central limit theorem. 

Remark 4.1. The presented axiomatics of the group valued prob¬ 
abilities was strongly based on authors investigations on the p-adic 
probability theory. By using the p-adic experience we understood how 
G- valued probabilities ‘must look’. The presented interpretation of 
G-valued probabilities was developed in the following way. By study¬ 
ing Q p-valued probabilities we understood that we could not more use 
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the order relation between probabilities. In conventional probability 
theory we can say, e.g., that P(H) = 1/2 is less than P (B) = 2/3. 
Therefore the occurrence of the event A is less favorable than the oc¬ 
currence of the event B. On the other hand, there is no order structure 
on Q p . We could not say that A with P(H) = 1/2 G Q p is less (or 
more) favorable than B with P (B) = 2/3 G Q p . There is no order 
structure on the set of p-adic probabilities 7 . It is possible to intro¬ 
duce a partial order structure [51] on Q p . However, the formal use 
of that partial order structure for p-adic probabilities has unexpected 
implications, [51]. Practically impossible as well as practically defi¬ 
nite events are not more coupled to two isolated points in the set of 
probabilities, namely to P = 0 and P = 1 respectively. Practically 
impossible and definite probabilities are represented by some sets Uq 
(such that 0 G Uq) and U\ (such that 1 G U\), respectively, of p-adic 
numbers, [51]. In the p-adic framework a set A is practically impossible 
if P(H) G Uq and practically definite if P(H) G U\. 

This p-adic construction was one of motivations (at least mathe¬ 
matical) of the theory of abstract models of probability proposed by 
V. Maximov [52]. Maximov’s formalism is based on the deep investi¬ 
gation on the role of certainty, uncertainty and randomness in proba¬ 
bility theory. His main idea was that to apply probability one should 
introduce only the notions of certainty and uncertainty. They can be 
described by some sets Uq and U\. Therefore the order structure on 
the set of probabilities does not play any role. In this way it is pos¬ 
sible to proceed to probabilities valued in abstract sets (with a rather 
complex semi-algebraic structure that should reproduce the main re¬ 
lations between real probabilities, see [52]). The abstract probabilistic 
model of V. Maximov played the stimulating role in my investigations 
to generalize the p-adic probability theory to an arbitrary topological 
group. However, I do not support Maximov’s viewpoint to the role of 
certainty and uncertainty in applications of probability theory. Each 
experiment must induce its special level of statistical significance. In 
ordinary statistics this level is given by the e-levels of statistical sig¬ 
nificance, in fact, by the e-neighborhood of P = 0. Our idea was to 
consider an additive topological group G and probabilities valued in 
some subset U G G, 0 G U, and levels of significance are given by 

7 We would like to remark that the role of the order structure on the set [0,1] of conven¬ 
tional probabilities is overestimated. For example, let P(H) = 11/17 and P (B) = 13/19. 
Of course, P(H) < P (B) in R. However: are you sure that you will be rich if you play in 
the favor of B1 
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neighborhoods V (in the metric case V e ,e > 0) of zero, see the next 
section for the details. 


5 Statistical interpretation of probabil¬ 
ities with values in a topological group 

In fact, Kolmogorov’s probability theory has two (more or less indepen¬ 
dent) counterparts: (a) axiomatics (a mathematical representation); 
(i) interpretation (rules for application). The first part is the measure- 
theoretic formalism. The second part is a mixture of frequency and 
ensemble interpretations: "... we may assume that to an event A 
which has the following characteristics: (a) one can be practically cer¬ 
tain that if the complex of conditions i s repeated a large number of 
times, N, then if n be the number of occurrences of event A, the ratio 
n/N will differ very slightly from P(A); (b) if P(A) is very small, one 
can be practically certain that when conditions ^ are realized only 
once the event A would not occur at all", [1]. 

As we have already noticed, (a) and (i) are more or less indepen¬ 
dent. Therefore the Kolmogorov’s measure-theoretic formalism, (a), is 
used successfully, for example, in subjective probability theory. 

In practice we apply Kolmogorov’s (conventional) interpretation, 
(i), in the following way. First we have to fix 0 < e < 1, significance 
level. If the probability P(A) of some events A is less than e, this event 
is considered as practically impossible. 

It is already evident how to generalize the conventional interpreta¬ 
tion of probability to G -valued probabilities. First we have to fix some 
neighborhood of zero, V, a significance neighborhood. 

If the probability P(A) of some event A belongs to V, this event 
is considered as practically impossible. 

If a group G is metrizable, then the situation is even more similar 
to the standard (real) probability. We choose e > 0 and consider the 
ball V e = {x € G : p(0,x) < e}. If p(0, P(A)) < e, then the event A is 
considered as practically impossible. 

Let us borrow some ideas from statistics. We are given a certain 
sample space ft with an associated distribution P. Given an element 
ui G 0, we want to test the hypothesis “cj belongs to some reasonable 
majority.” A reasonable majority M. can be described by present¬ 
ing critical regions F ) of the significance level e,0 < e < 1 : 

P(n( e )) < e. The complement of a critical region is called 
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(1 — e) confidence interval. If a; £ then the hypothesis U u belongs 
to majority M.” is rejected with the significance level e. We can say 
that u> fails the test to belong to M at the level of critical region 

G-statistical machinery works in the same way. The only difference 
is that, instead of significance levels e, given by real numbers, we con¬ 
sider significance levels V given by neighborhoods of zero in G. Thus 
we consider critical regions )(£ F) : 

P(H (F) ) £ V. 

If a; £ then the hypothesis “w belongs to majority M” (repre¬ 
sented by the statistical test is rejected with the significance 

level V. If G is metrizable, then we have even more similarity with 
the standard (real) statistics. Here V = V € ,e > 0. 

Of course, the strict mathematical description of the above statis¬ 
tical considerations can be presented in the framework of Martin-Lof 
[9], [10], [7] statistical tests. We remark that such a p-adic framework 
was already developed in [11], In the p-adic case (as in the real case) 
it is possible to enumerate effectively all p-adic tests for randomness. 
However, a universal p-adic test for randomness does not exist [11]. If 
the group G is metrizable we can proceed in the same way as in the 
real and p-adic case [11] and define G-random sequences, namely se¬ 
quences u) = (u>i, ..., upV) • • = 0) 1> that are random with respect 

to a G-valued probability distribution. However, if G is not metriz¬ 
able, then the notion of a recursively enumerable set would not be 
more the appropriative basis for such a theory. In any case we have 
an interesting 

Open problem: 

Development of randomness theory for an arbitrary topological group. 

The general scheme of the application of G-valued probabilities is 
the same as in the ordinary case: 

1) we find initial probabilities; 

2) then we perform calculations by using calculus of G-valued prob¬ 
abilities; 

3) finally, we apply the above interpretation to resulting probabil¬ 
ities. 

Of course, the main question is “How can we find initial probabil¬ 
ities?” The situation here is more or less similar to the situation in 
the ordinary probability theory. One of possibilities is to apply the 
frequency arguments (as R. von Misesj. We have already discussed 
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such an approach for p-adic probabilities, see also further considera¬ 
tions in section 6. Another possibility is to use subjective approach to 
probability. I think that everybody agrees that there is nothing special 
in segment [0,1] as the set of labels for the measure of belief in the oc¬ 
currence of some event. In the same way we can use, for example, the 
segment [-1,1] (signed probability) or the unit complex disk (complex 
probability) or the set of p-adic integers Z p (p-adic probability). If G 
is a field we can apply the machinery of Bayesian probabilities and, 
finally, use our interpretation of probabilities to make a probabilistic 
(‘statistical’) decision. The third possibility is to use symmetry argu¬ 
ments, ‘Laplacian approach’. For example, by such arguments we can 
choose (in some situations) the uniform Q p -valued distribution. 

We now turn back to the role of the unit probability and, in particu¬ 
lar, axiom 0- In fact, by considering the interpretation of probability 
based on the notion of the significance level we need not pay the spe¬ 
cial attention to the probability E = P(f2). It is enough to consider 
P-impossible events, V = V(0). If V is quite large and P(A) 0 V, then 
an event A can be considered as practically definite. 

Example 5.1. (A p-adic statistical test) Theorem 3.1. implies 
that, for each p-adic sphere S l / p i(r), where l,r,m were done in Theo¬ 
rem 3.1: 

Um P({u; e : SjVfcM € S 1/pi (r)}) = 0, 

for each sequence s = {A 7 ^.}, Ap —► m, k —► oo. We can construct a 
statistical test on the basis of this limit theorem (as well as any other 
limit theorem). Let s = {-/V^}, —> m, be a fixed sequence of natural 

numbers. For any e > 0, there exists k e such that, for all k > k e , 

l p ({w e : Sjv fc M € S 1/p i(r)})| p < e. 

We set = UA,'>fc e { w e ^2 : 5V fc (cc) G S 1//p i(r)}. We remark that 

< e. 

We now define reasonable majority of outcomes as sequences that do 
not belong to the sphere Si (r), “nonspherical majority.” Here the set 

is the critical region on the significance level e. 

Suppose that a sequence lo belongs to the set . Then the hy¬ 
pothesis “uj belongs nonspherical majority” must be rejected with the 
significance level e. In particular, such a sequence uj is not random 
with respect to the uniform p-adic distribution on If , for some 
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sequence of 0 and 1 , uj = (u>j) we have uq + ... + uiN k — r = a 
mod p l , a = 1 ,. .. ,p — 1 , for all k > k e , then it is rejected. 

The simplest test is given by m = l,r = 0, Ap = 1 + p k and 
ui\ + ... + 0JN k = ot mod p, a = 1 ,... ,p — 1 . 

6 Generalized frequency models 

We proposed a theory of G -valued probabilities in the measure-theoretic 
framework . 8 In principle, we can also proceed in the frequency frame¬ 
work. However, an arbitrary topological group is too general base for 
such frequency probabilities. We have to start with a topological field 
T that contains the field of rational numbers as a dense subfield. We 
proceed in the same way as in the p-adic case. Let s = {A^} be a 
sequence of natural numbers converging in T to some m. A T-valued 
s-probability is defined as the limit P = lim^y^ £ T (if it exists). 

As T is a topological field, we get additivity Q, formula m and 
Bayes’ formula 0 . The range of values of such a frequency probability 
depends on the sequence s and the topology on T. 

In fact, Kolmogorov’s theory does not look extremely anti-frequencist 
due to the presence of the strong law of large numbers. Of course, this 
law was strongly criticized from the frequency point of view, see e.g., 
von Mises [2], [3]. The main critical argument is that we could not 
say anything about behaviour of frequencies for a concrete sequence 
of trials. Nevertheless, there are no problems in average. Therefore, 
by obtaining a kind of law of large numbers (of course, in the case 
when the field of rational numbers Q is dense in T) we could strongly 
improve the measure-theoretic approach for T-valued probabilities. A 
kind of such a law we have in the p-adic case. 


7 Appendixes 

7.1 Conventional stochastic processes in p -adic 
physics 

We consider the A-model, see section 1. Thus the variable x is p-adic, 
but the wave function ip is complex valued. Here, as |^(x )| 2 £ R + , 

8 However, we use the frequency experience of the real and p-adic probabilities to find 
reasonable properties of ‘probability’. 
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we can apply Kolmogorov’s probability theory. However, the special 
structure of the sample space fl = Q p - the field of p-adic numbers, 
gives the possibility to provide more deep probabilistic investigations. 
Of course, Q p is a locally compact additive group. Here we can apply 
the general theory of probability on locally compact groups, see, e.g., 
[46]-[50]. However, the importance of this concrete example of a locally 
compact group was not well recognized in the community - ‘Probability 
on Topological Structures’. On the other hand, from the physical point 
of view the group Q p is practically not less important than the group 
R. 

Moreover, members of the community - ‘Probability on Topologi¬ 
cal Structures’ were bounded by knowing the following p-adic No-Go 
theorem: 

Theorem 7.1. There are no Gaussian measures on Q p . 

This fact can easily be extracted from Hever’s book [46]. The Q ; , 
is a totally disconnected locally compact topological group. This re¬ 
sult can satisfy every mathematician. However, physicist would not 
be happy! There exists a differential operator of the second order, 
Vladimirov-Laplace operator, see [24], that plays the fundamental role 
in p-adic string theory and quantum mechanics. Physicists describe 
important dynamics by using this operator. It seems that there should 
be probabilistic description of these evolutions. Of course, the corre¬ 
sponding stochastic processes (if it exists at all) could not be a pro¬ 
cess with continuous trajectories. We have to modify Bendikov’s pro¬ 
gram, see e.g., [53] of the construction of Brownian motions on locally 
compact groups. It seems that a generalization of Bendikov’s pro¬ 
gram for totally disconnected locally compact groups must be based 
on the description of generators of stochastic processes as second order 
Vladimirov-type differential operators. It may occur that the corre¬ 
sponding stochastic process will be a generalized stochastic process. 

On the other hand, there were performed extended investigations 
on limit theorems for general locally compact groups, see, e.g., [46]. 
The most interesting for us are investigations for disconnected groups 
(in particular, p-adic), see e.g., [47]-[50]. These investigations can be 
of great importance for p-adic physics and cognitive sciences. 
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7.2 Limit theorem for signed, complex and Banach- 
algebras valued probabilities 


It seems that the first limit theorem for signed probabilities was con¬ 
sidered in the paper of [54]. Then such probabilistic distributions were 
considered by V. Krylov [55] in the connection to the Cauchy problem 
for the equations: 


v , i,,+ifV 
5t 5x 2 i 


( 8 ) 


He proved a limit theorem for the fundamental solution of ® that 
generalized the standard central limit theorem (for q = 1). 

The central limit theorem for Schrodinger’s equation was proved 
by A. Khrennikov and O. Smolyanov [56]. Then it was generalized 
to arbitrary complex (in particular, signed) distributions (on finite as 
well as infinite dimensional locally convex spaces), see [57]. We also 
have to mention an extended research activity on limit theorems for 
fundamental and pseudo-differential equations. However, the author is 
not a specialist in this field. Therefore we will not concern these inves¬ 
tigations in the present review. Finally, we remark that ‘probability 
measures’ with values in supercommutative Banach superalgebras (in 
particular, commutative) were used in the framework of so called su¬ 
persymmetric physics [58]. Here I proved an analogue of the central 
limit theorem for Gaussian and Feynman superdistributions. 


7.3 Measures that take values in non-Archimedian 
fields 

Let X be an arbitrary set and let 7Z be a ring of subsets of X. The pair 
(A, 1Z) is called a measurable space. The ring 1Z is said to be separating 
if for every two distinct elements, x and y, of X there exists an A G 1Z 
such that x € A,y 0 A. We shall consider measurable spaces only over 
separating rings which cover X. 

A subcollection S of 1Z is said to be shrinking if the intersection 
of any two elements of S contains an element of S. If S is shrinking, 
and if / is a map 1Z —► K or 1Z —► R, we say that Unices /(A) = 0 
if for every e > 0, there exists an Aq e S such that |/(A)| < e for all 
A £ S, A c A 0 . 

Let K be a non-Archimedian field with the valuation | • |. A measure 
on 1Z is a map fifZ —> K with the properties: 
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(i) /i is additive; (ii) for all A E 7Z, = sup{|p(.B)| : B E 

1Z, B C A} < oo; (iii) if S C 1Z is shrinking and has empty intersection, 
then lim^s p(A) = 0. 

We call these conditions respectively additivity, boundedness, conti¬ 
nuity. The latter condition is equivalent to the following: lim ag< 5 | | A| | M = 
0 for every shrinking collection S with empty intersection. 

Condition (iii) is the replacement for a-additivity. Clearly (iii) 
implies cr-additivity. Moreover, for the most interesting cases, (iii) 
is equivalent to e-additivity [43]. Of course, we could in principle 
restrict our attention to these cases and use the standard condition 
of e-additivitv. However, in that case we should use some topological 
restriction on the space A. This implies that we must consider some 
topological structure on a p-adic. probability space. We do not like 
to do this. We would like to develop the theory of p-adic probability 
measures in the same way as A. N. Kolmogorov (1933) developed the 
theory of real valued probability measures by starting with an arbitrary 
set algebra. 

For any set D, we denote its characteristic function by the symbol 
Id- For / : X —> K and (f> : X —■> [0, oo), put 

ll/IU = sup \f(x)\4>(x). 

x£X 

We set 


N„(x) 


inf 

U£TZ,x£U 


\\U\\» 


for x E X. Then ||A|| M = ||/a||jv m for any A E 7Z. We set ||/|| M = 

11/| |v . A step function (or 7£-step function) is a function / : X —> K of 
the form f(x) = (CfcLi c klA k ( x ) where Ck G K and Ak E IZ, Ak (~l A\ = 
9,k ^ l. We set for such a function 


Cfcp(Afc). 

Denote the space of all step functions by the symbol S(X). The 
integral / —> f x f(x)fi(dx) is the linear functional on 5(A) which 
satisfies the inequality | f x f(x)p(dx)\ < ||/|| M - A function / : X —► K 
is called p-integrable if there exists a sequence of step functions {f n } 
such that lim n _ >00 ||/ — f n \\^ = 0. The p-integrable functions form a 
vector space L(X,/i) (and 5(A) C L(X, p)). The integral is extended 


N 


IX 


f(x)n(dx) = ^ 


k= 1 
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from S(X ) on L(X,fi) by continuity. Let 7 Z^ = [A : A C X, I a £E 
L(X, fi)}. This is a ring. Elements of this ring are called ^-measurable 
sets. By setting /i(A) = j x I^{x)p.{dx) the measure /i is extended to 
a measure on 1Z^. This is the maximal extension of //, i.e., if we repeat 
the previous procedure starting with the ring 1Z we will obtain this 
ring again. Finally, we mention investigation for solenoids, see e.g., [53] 
applications of p-adic valued measures in number theory, see e.g., [40] 
and recent paper of D. Neuenschwander [59] on p-adic valued measures. 
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